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1 Introduction
Portfolio optimization is a fundamental concept in investing, but it presents
many technical challenges. The two most important issues are the imperfect
nature of the estimates of the market characteristics, and the ambiguity of the
optimization objective.
The market characteristics cannot be estimated with high accuracy because
markets change at a pace that does not generally not permit the accumulation of
enough relevant data to achieve statistical and non-singular convergence, e.g., in
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the estimation of the covariance matrix. One way forward is to exploit statistical
relations in the estimate to identify combinations of statistics that are more re-
sistant to uncertainty than the underlying data. Another approach is to assume
a market model that uses powerful structural hypotheses to make up for the lack
of data. The success of this approach depends crucially on the robustness and
parsimony of these hypotheses. Proprietary statistical methodologies are often
necessary to achieve these goals, especially when designing investment processes
for institutional investors, who place a premium on long-term stability.
Furthermore, even when focusing on a narrow investor segment, the op-
timization objective is typically fluid and vague. Even for a fixed investor,
the relative desirability between outperformance potential and risk protection
varies dramatically between market environments and cannot be easily quanti-
fied. Partly due to this, it is not practical to set up an optimization for a very
long-term horizon (e.g., decadal spans of time). On the other hand, it is also
not advisable to optimize exclusively on a very short time scale (e.g., hourly
or daily), without a clear plan of how to avoid unnecessary turnover and other
risks when joining the consecutive optimized portfolios together.
In this write-up, I discuss some theoretical results with a view to motivate
some practical choices in portfolio optimization. Even though the setting is
not completely general (for example, the covariance matrix is assumed to be
non-singular), I attempt to highlight the features that have practical relevance.
In particular, the first two sections contain mathematical results that apply
to portfolio optimization in the Stochastic Portfolio Theory (SPT) framework.
This setting is flexible enough to describe most realistic assets, and it has been
successfully employed for managing equity portfolios since 1987. The last section
contains a discussion of some of the implications of these theoretical results for
portfolio optimization in practice.
2 Fixed universe
In this section, I assume that the model parameters (i.e., the drifts and volatili-
ties) are fixed in time. This allows for an explicit, time-independent solution of
optimization problems.
2.1 Model and basic definitions
In following with the standard formulation of Stochastic Portfolio Theory [1, 2,
3], consider an equity market composed of n securities whose market capitaliza-
tions evolve as non-negative Ito¯ processes via
d lnVi(t) = γi(t) dt+
d∑
l=1
ξil(t) dWl(t) , (1)
where n ≥ 2, d ≥ n, the W ’s are independent and standard Brownian motions,
and the γ’s and ξ’s are measurable, adapted to the filtration generated by the
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W ’s, and well-behaved1. The ξ’s are non-degenerate.
Definition 1. The covariance matrix of the V ’s is σ, with elements
σij(t) ≡
d∑
k=1
ξik(t) ξjk(t) ; (2)
since σ is non-degenerate, it has the inverse σ−1. Also, e denotes the column
vector of ones, 0 the column vector of zeroes, and
s ≡ 1√
eᵀ · σ−1 · e . (3)
Moreover, α denotes the column vector of the individual stock arithmetic re-
turns:
α ≡ γ + 1
2
diagσ , (4)
where γ is the column vector of the individual stock growth rates, and diagσ is
the column vector of the diagonal elements of the covariance matrix σ. Finally,
define a and S through
a ≡ s2 eᵀ · σ−1 ·α , (5)
and
S ≡
√
αᵀ · σ−1 ·α− a
2
s2
+ s2 . (6)
Lemma 1. The argument of the square root in S is positive; moreover,
S ≥ s . (7)
Proof. The Cauchy-Schwarz inequality implies that(
αᵀ · σ−1 ·α) (eᵀ · σ−1 · e) ≥ (eᵀ · σ−1 ·α)2 , (8)
which implies
αᵀ · σ−1 ·α− a
2
s2
≥ 0 . (9)
I consider portfolios of securities that are expressed through their weights,
as opposed to shares. Each portfolio pi is fully funded,
n∑
i=1
pii(t) = 1 , (10)
1Essentially, the assumption is that they do not explode in a non-integrable sense within
finite time, and that they do not grow too fast as time tends to infinity; for more details,
cf. [2].
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but I do not insist that the weights are all non-negative. The logarithmic return
of the portfolio satisfies
d lnVpi(t) =
n∑
i=1
pii(t) d lnVi(t) + γ
∗
pi(t) dt , (11)
where the excess-growth rate γ∗pi is given by
γ∗pi(t) =
1
2
 n∑
i=1
σii(t)pii(t)−
n∑
i,j=1
σij(t)pii(t)pij(t)
 = (12)
=
1
2
(diagσᵀ · pi − piᵀ · σ · pi) . (13)
All results below are understood under the condition that Vpi remains positive
up to the time t under consideration.
2.2 Extremal portfolios
Consider the following two extremal portfolios:
• ν(0): the minimum-volatility portfolio,
• ν(1): the maximum-growth portfolio.
Their existence, uniqueness, and basic properties are the subject of the two
propositions below.
Proposition 1. The minimum-volatility portfolio ν(0) exists and is unique. It
is given by
ν(0) = s2 σ−1 · e , (14)
has volatility
σν(0) = s (15)
and growth rate
γν(0) = a−
1
2
s2 , (16)
Proof. ν(0) is the minimizer of the σ-norm, so it is unique. The explicit ex-
pression for σ(0) is derived using Lagrange multipliers. The expressions for the
volatility and growth rate of ν(0) are a direct consequence of the definitions in
Equation (3) and Equation (5), which they motivated.
Proposition 2. The maximum-growth portfolio ν(1) exists and is unique. It is
given by
ν(1) = σ−1 · [α + (s2 − a) e] = ν(0) + σ−1 · (α− a e) . (17)
This portfolio has volatility
σν(1) = S , (18)
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and growth rate
γν(1) = a+
1
2
S2 − s2 = γν(0) +
1
2
(
S2 − s2) . (19)
Proof. The uniqueness of ν(1) follows by contradiction: suppose that there was
a second portfolio, ξ, that also satisfies
γξ = γν(1) . (20)
Then, consider the portfolio pi(λ)
pi(λ) = λν(1) + (1− λ) ξ ; (21)
this portfolio has growth rate
γpi(λ) = γν(1) +
λ (1− λ)
2
(
ν(1) − ξ
)ᵀ
· σ
(
ν(1) − ξ
)
, (22)
which is strictly greater than γν(1) for any λ ∈ (0, 1), unless ξ ≡ ν(1), due to
the non-degeneracy of σ.
The explicit expression for σ(1) is derived using Lagrange multipliers. Fi-
nally, the expressions for the volatility and growth rate of ν(1) follow directly
from the definitions in Equation (6), which they motivated.
Lemma 2. The covariance of ν(0) and ν(1) equals the variance of ν(0).
This observation, which results from a straightforward calculation, can be
interpreted as saying that the maximization of the growth rate by ν(1) relies
in maximizing the portfolio exposure to idiosyncratic sources of risk, which
are orthogonal to the non-diversifiable equity risk (which is represented by the
minimum-variance portfolio).
2.3 Efficient frontier
Definition 2. Let ν(p) denote the one-parametric portfolio family that interpo-
lates ν(0) and ν(1):
ν(p) = (1− p) ν(0) + pν(1) . (23)
Proposition 3. For every portfolio volatility σ ∈ [σν(0) , σν(1) ], there is a unique
portfolio that maximizes the growth rate, and it is given by ν(p) for the value
p ∈ [0, 1] for which σν(p) = σ.
Proof. One way to show that ν(p) is the unique maximizer is to use the explicit
formulas for ν(0) and ν(1) in order to compute that the interpolated portfolio
equals
ν(p) = σ−1 · [pα + (s2 − a p) e] = ν(0) + pσ−1 · [α− a e] , (24)
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which implies its volatility equals
σν(p) =
√
(1− p2) s2 + p2 S2 (25)
and its growth rate
γν(p) = a+
(
p− p
2
2
)
S2 −
(
p+
1− p2
2
)
s2 . (26)
Using Laplace multipliers and the explicit expression for ν(p) implies that it is
the portfolio maximizing the growth rate for the given volatility.
Another way to show the same result follows from parametrizing the optimal
portfolio, η(p), via the difference portfolio, ξ(p),
ξ(p) ≡ η(p) − ν(p) , (27)
whence it follows that ξ(p) must satisfy the following two conditions:
1. the normalization of the portfolio weights implies
eᵀ · ξ(p) = 0 , (28)
2. the equality of the portfolio variances for ν(p) and η(p) implies(
2ν(p) + ξ(p)
)ᵀ
· σ · ξ(p) = 0 . (29)
Substituting the explicit expression for ν(p) from Equation (24) in Equation (29),
and using Equation (28) implies that the second condition is equivalent with
2 pαᵀ · ξ(p) + ξ(p)ᵀ · σ · ξ(p) = 0 . (30)
Since the difference between the growth rates for η(p) and ν(p) equals
γη(p) − γν(p) = αᵀ · ξ(p) = −
1
2 p
ξ(p)ᵀ · σ · ξ(p) ≤ 0 , (31)
the growth rate is maximized for ξ(p) ≡ 0.
Lemma 3. The efficient frontier has an infinite slope at ν(0) and a zero slope
at ν(1).
Proof. This is a direct result of evaluating
∂σν(p)
∂p
= p
S2 − s2
σν(p)
(32)
and
∂γν(p)
∂p
= (1− p) (S2 − s2) (33)
at p = 0 and p = 1.
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2.4 Risk-adjusted return
It is worth introducing the SPT-analog of the Sharpe ratio [4]: assume that
there is a benchmark investment, the risk-free asset, which delivers a return
rate b at zero volatility (in this case, the rate of return and the growth rate are
equal).
Then, one way to quantify the investment efficiency of a portfolio is via the
ratio of the relative growth rate divided by the relative volatility:
θpi ≡ γpi − b
σpi
. (34)
In the case of the efficient frontier, this ratio equals
θp =
a− b+
(
p− p22
)
S2 −
(
p+ 1−p
2
2
)
s2√
(1− p2) s2 + p2 S2 ; (35)
its range of values are
θ0 =
a− b
s
− s
2
≤ θp ≤ θ1 = a− b
S
+
S
2
− s
2
S
. (36)
2.5 Below the efficient frontier
Consider two stocks, taken without loss of generality to have index 1 and 2
respectively, and construct the portfolio pi by interpolating between them with
weights x and 1− x respectively.
Its growth rate equals the concave function
γpi = x γ1 + (1− x) γ2 + x (1− x)
2
(σ11 + σ22 − 2σ12) , (37)
which has a maximum equal to
γ∗pi =
γ1 + γ2
2
+
(γ1 − γ2)2
2 (σ11 + σ12 − 2σ12) +
σ11 + σ12 − 2σ12
8
, (38)
at
x∗ =
1
2
+
γ1 − γ2
σ11 + σ12 − 2σ12 . (39)
Similarly, the variance of this two-stock portfolio equals the convex function
σ2pi = x
2 σ11 + (1− x)2 σ22 + 2x (1− x) σ12 , (40)
which has a minimum equal to
σ∗pi =
σ11 (σ22 − σ12)2 + σ22 (σ11 − σ12)2 + 2σ12 (σ11 − σ12) (σ22 − σ12)
(σ11 + σ22 − 2σ12)2
(41)
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Figure 1: Behavior of the portfolio volatility and growth rate for a two-stock
portfolio for σ12 = 0 (continuous line), σ12 = −1 (dotted line), and σ12 = 1
(dashed line). I assume that γ1 =
1
4 , γ2 = 2, σ11 = 1 and σ22 = 4, and vary x
in the interval [−1, 2]. All lines intersect at the two points corresponding to the
underlying stocks.
at
x∗ =
σ22 − σ12
σ11 + σ22 − 2σ12 . (42)
These computations allow us to trace a parametric curve for the two-stock
portfolio as the relative weight of the two stocks is varied as shown in Figure 1.
It is clear that the worst-performing all-long portfolio is the one investing
exclusively in the stock with the lowest growth rate. Similarly, the maximum
volatility for the long-only case is realized by investing exclusively in the most
volatile stock.
The same argument can be applied recursively for more than two stocks,
which implies that the minimum growth rate for a long-only portfolio is realized
by investing exclusively in the worse performing stock. Similarly, the maximum
volatility for a long-only portfolio is realized by investing exclusively in the most
volatile stock. On the other hand, there is no lower bound for growth and upper
bound for volatility concerning long-short portfolios.
2.6 Volatility-stabilized markets
When the model parameters are not fixed, the above results require adjustments.
One of the simplest extensions is when the model parameters vary continuously,
so that the portfolio optimization can be performed in a continuously-updated
manner.
As an example of such a scenario, consider the case of the volatility-stabilized
market model [5], where
d lnVi(t) =
dWi(t)√
µi(t)
, (43)
with µ’s being the market portfolio weights, namely
µi(t) ≡ Vi(t)∑n
j=1 Vj(t)
. (44)
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The covariance matrix in this model equals
σij =
δij
µi
, (45)
where δ is the Kronecker delta. Its inverse matrix equals(
σ−1
)
ij
= δij µi , (46)
and the minimum-variance portfolio equals
ν(0) = µ , (47)
where µ is the column vector of market weights; ν(0) has the properties
σν(0) = s = 1 , γν(0) =
n− 1
2
. (48)
Regarding ν(1), it is given by
ν(1) =
e
2
+
(
1− n
2
)
µ , (49)
with properties
σν(1) = S =
1
2
√
D−1−1 + 4− n2 , γν(1) =
4n+D−1−1 − n2 − 4
8
, (50)
where
D−1 ≡ 1∑n
i=1
1
µi
; (51)
note that in the expression D−1−1, the superscript denotes an exponent.
2.6.1 Entropy-weighted portfolio
As an aside, consider the long-only portfolio ζ with weights
ζi(t) =
µi(t) (c− lnµi(t))
Z(µ(t))
, Z(x) ≡ c−
n∑
i=1
xi lnxi , (52)
because of its role in the theory of volatility-stabilized markets [5]. Its volatility
and growth rate are
σ2ζ =
∑n
i=1 µi lnµ
2
i + 2 cZ(µ)− c2
Z2(µ)
, γζ =
n c−∑ni=1 lnµi
2Z(µ)
− σ
2
ζ
2
. (53)
9
2.6.2 n = 3 case
The largest n for which both ν(0) and ν(1) are all-long in all possible market
configurations equals
n = 3 . (54)
In that case, the maximum-growth portfolio becomes simply the equal-weighted
portfolio and the above formulas can be simplified to
ν(0) = µ , σν(0) = 1 , γν(0) = 1 , (55)
and
ν(1) =
1
2
(e− µ) , σν(1) =
1
2
√
D−1−1 − 5 , γν(1) =
D−1−1 − 1
8
. (56)
The maximum value of D−1 is 19 and occurs for the equal-weighted mar-
ket portfolio. In this case, the minimum-volatility and the maximum-growth
portfolio coincide, and the efficient frontier degenerates to a point. Also, the
risk-adjusted return equals (cf. Equation (63))
θ = 1− b . (57)
The efficient frontier is given by
(σp, γp) =
(
1 +
(
p2
2
− p
)
9−D−1−1
4
)
, (58)
where p ∈ [0, 1], and it is realized by long-only portfolios.
3 Variable universe
In a market where the model parameters (i.e., drifts and volatilities) vary over
time in a stochastic manner, it is not possible to perform a long-term optimiza-
tion as in the previous section. In general, the best one can hope for is the
situation where the parameters vary continuously, so that the solution to the
optimization problem can be also continuously updated, as was the case in the
previous subsection. This situation can be treated within the framework of dy-
namic control. The resulting analysis is very interesting from a mathematical
point of view; however, incorporating it in practical investment processes in a
robust manner presents great challenges.
In spite of all that, in models where the market structure depends only on
the ranks of various securities, it is possible to recover a version of the long-term
optimization problem relative to the performance of the market portfolio. This
is the subject of this section.
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3.1 Model and definitions
Consider a version of the Atlas model [6] described by
d lnVi(t) = gri(t) dt+
d∑
l=1
ξri(t)l dWl(t) , (59)
where ri(t) is the rank of stock i (ordered in descending order by market capi-
talization; ties are resolved lexicographically).
In this market model, stocks regularly exchange their growth rates and
volatilities, but the rank-specific parameters are fixed. In order to perform
a portfolio optimization, I rely on the theory of functionally-generated portfo-
lios [8, 2]. The main result employed from this theory is that the performance
of a portfolio pi that is fixed in rank terms,
pii(t) = pri(t) , (60)
relative to the market portfolio is given by
d ln
Vpi(t)
Vµ(t)
= d lnFp(µ(·)(t)) + dΘ(t) , (61)
where µ(·)(t) =
(
µ(i)(t)
)n
i=1
is the vector of ranked market weights, F is the
generating functional,
F (x) =
n∏
i=1
xpii , (62)
and
dΘ(t) = γ∗p dt+
1
2
n−1∑
i=1
(pi+1 − pi) dΛi(t) , (63)
where
γ∗p =
1
2
 n∑
i=1
pi σ(ii)(t)−
n∑
i,j=1
pi pj σ(ij)(t)
 ; (64)
finally, Λ’s are the local times at consecutive ranked market weights [2, 9],
Λi(t) = Λlnµ(i)−lnµ(i+1)(t) . (65)
The stability of the Atlas model requires [2, 3]
g1 < 0 , g1 + g2 < 0 , . . . g1 + . . .+ gn−1 < 0 , g1 + . . .+ gn = 0 . (66)
Moreover, the local-times have a simple expression in terms of the growth rates
[2, 3]
lim
T→∞
Λi(T )
T
= −2
i∑
j=1
gj . (67)
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Proposition 4. The long-term performance of a fixed-by-rank portfolio pi rel-
ative to the market is given by
lim
T→∞
(
1
T
ln
Vpi(T )
Vµ(T )
)
= gᵀ · p + γ∗p . (68)
where g is the column vector of the rank-based growth rates.
Proof. Substituting Equation (67) to the second term of Equation (63), and
applying summation by parts results in
lim
T→∞
(
1
T
1
2
n−1∑
i=1
(pi+1 − pi) dΛi(T )
)
=
n−1∑
i=1
pi gi − pn
n−1∑
i=1
gi . (69)
Using the last of Equation (66), and exploiting the stability of the market,
lim
T→∞
(
1
T
ln
Fp(µ(·)(T ))
Fp(µ(·)(0))
)
= 0 , (70)
completes the proof.
The above proposition implies that the results in the first section regarding
minimum-variance and maximum-growth portfolios can be extended to the case
where model parameters are rank-based. The only changes are that
a) they apply asymptotically, as opposed to any particular instant in time,
b) the performance benchmark is the market portfolio, instead of cash.
3.2 A simple Atlas model
As an application, consider the simplified Atlas model described by
d lnVi(t) = (−g + n g I [ri(t) = n]) dt+ σ dWi(t) , (71)
where g and σ are positive constants.
The rank-based covariance matrix equals
σ(ij) = σ
2 δij , (72)
and its inverse is (
σ−1
)
(ij)
=
δij
σ2
. (73)
The minimum-variance portfolio is
ν(0) =
e
n
, (74)
and has
σν(0) = s =
σ√
n
, γν(0) =
σ2
2
(
1− 1
n
)
; (75)
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note that this is a constant portfolio in both name- and rank-based formulations,
as opposed to only in the rank-based formulation (which is the generic case).
The maximum-growth portfolio is
ν(1) =
(
1
n
− λ
)
e + λnb , (76)
where
λ ≡ g
σ2
, (77)
and b is the column vector of which the only non-vanishing element, for the
stock at the bottom rank, equals one:
bi = δin . (78)
The properties of ν(1) are
σν(1) = S =
σ√
n
√
1 + n2 (n− 1)λ2 , γν(1) =
σ2
2
(
1− 1
n
+ n(n− 1)λ2
)
. (79)
Both ν(0) and ν(1) are all-long for all possible market configurations, if
g ≤ σ
2
n
, (80)
or, equivalently,
λ ≤ 1
n
. (81)
However, λ = 1n results in ν
(1) investing exclusively in the bottom stock; this is
the ultimate small-cap portfolio.
3.2.1 Diversity-weighted portfolio
As an aside, consider the long-only portfolio ζ with weights
ζi(t) =
µpi (t)
Dp(µ(t))
, Dp(x) ≡
(
n∑
i=1
xpi (t)
) 1
p
, (82)
this diversity-weighted portfolio helps explore the impact of size to performance
relative to a stable market [7]; note that p = 1 corresponds to the market
portfolio, while p = 0 corresponds to the equal-weighted portfolio.
Its volatility and growth rate are
σζ = σ
∑n
i=1 µ
2 p
i
(
∑n
i=1 µ
p
i )
2 = σ
D2 p2 p (µ)
D2 pp (µ)
(83)
and growth rate
γζ =
σ2
2
[
1
2
(
1− D
2 p
2 p (µ)
D2 pp (µ)
)
− λ+ nλ
µp(n)
Dpp (µ)
]
. (84)
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4 Discussion
A crucial observation about asset classes is that they exhibit performance regimes:
the drifts and volatilities of the investable universe change dramatically between
different periods. This causes serious challenges in properly implementing port-
folio optimization, including:
• balancing accuracy and timeliness in estimating the changes in the model
parameters;
• reconciling the differing time scales over which investors evaluate perfor-
mance, markets evolve, and portfolio is implemented;
• avoiding frictional costs due to portfolio changes that may impact both
the short- and long-term performance of an investment strategy.
There is no single approach that addresses all of these issues. Still, the
adoption of some broadly diversified portfolio as the return benchmark for each
optimization appears to be a vital component for ensuring consistent perfor-
mance over the long term.
So far, there have been three main lines of evidence supporting this view, all
of which are empirical in nature:
1. Using a broad benchmark establishes a context for what returns are rea-
sonably achievable by investing in a class, while avoiding extreme concen-
tration or overreliance on the estimates of the model parameters.
2. In addition, the accuracy of various estimates is increased when working
with relative quantities (computed relative to the broad benchmark), as
opposed to absolute quantities.
3. Finally, linking the optimization solution for multiple consecutive periods
is facilitated by employing a relative objective function (e.g., excess return
relative to the broad benchmark).
The results above, especially those contained in the second section, furnish
novel, theoretical support for this view, at least in the case of equity markets
where Atlas models have been shown to be reasonable approximations.
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